Abstract. -In this paper a systematic formalism for dealing with non-relativistic timedependent quantum Hamiltonians is presented. The starting point is the well-known Lewis and Riesenfeld idea which involves the construction of an invariant operator I(x, t) which defines both the dynamics of the physical system and the canonical formalism that has to be used in order to obtain a consistent theoretical framework. In order to exhibit the full power of the formalism we discuss two examples: the generalized harmonic oscillator and the infinite square well with a moving boundary. As the first example has already been analyzed by the present authors from other different points of view, we are able to compare the results of the canonical formalism with these other approaches and, as it was expected, we obtain identical descriptions of this physical system. After this, we turn to the case of the square well with a moving boundary. The main surprise is that in order to obtain consistency with the formalism an effective interaction appears which seems to be due to the time dependence of the boundary. Also consistency with the principle of minimal coupling and gauge invariance is obtained just by using this canonical operator formalism. Finally some interesting physical applications are suggested and discussed.
Physical motivation. -Since the discovery of electromagnetic traps for charged and neutral particles by W. Paul ( [1] and [2] ), an enormous effort has been dedicated to the construction of a consistent formalism for time-dependent quantum systems. The reason is that, as has been shown by various authors, the Paul trap can be quite accurately described by a time-dependent harmonic oscillator [3] . More recently, Sutherland [4] has proposed to describe trapped BoseEinstein condensates by means of a generalized time-dependent Calogero-Sutherland model which contains harmonic terms mixed with centrifugal barriers in a pair-wise interaction. This increasingly important field in the experimental side calls for a detailed exact quantum time-dependent formalism accurately describing the physical properties of the matter trapped c EDP Sciences at very low temperatures and strong varying magnetic fields. This letter represents an attempt in this direction.
The Lewis and Riesenfeld formalism. -Given a Hamiltonian operator H(x, t)w h i c hw e shall be taking for simplicity in the co-ordinate representation, Lewis and Riesenfeld have shown [5] that, given a physical system with a time-dependent Hamiltonian like this, it is possible to build an invariant operator verifying
such that the operator I(x, t) is isospectral, or equivalently that its eigenvalues ǫ n are constants. The wave functions Φ n (x, t) of the invariant operator I(x, t)
and those of the Schrödinger equation
are related in the form
The so-called Lewis phases α n (t) can be found as
The generalized harmonic oscillator. -In this section we present the results for the invariant operator, the eigenfunctions and the eigenvalues for the generalized harmonic oscillator whose Hamiltonian is given by
where β 1 (t), β 2 (t)a n dβ 3 ( t ) are real functions of time. Applying the invariance law (1) to the Hamiltonian (6), one obtains for I(x, t) the following expression (see ref. [5, 6] and [7] ):
where the function Λ(t)i sg i v e nb y Λ(t)=σ σ +β
The function σ(t)isareal function which is in turn a solution of Pinney's differential equation
where Ω 2 (t) is given by the expression
and the initial conditions of (4) are given by
The invariant operator and the canonical transformations. Case I) The time-dependent harmonic oscillator. -One of the main goals of this letter is to show how to generate the same invariant operators using quantum canonical transformations. This development leads to a new way to analyze the same problems of time-dependent Hamiltonians and enlarge them to a much larger class encompassing new and interesting physical systems. The crucial idea is to make use of the SU(1, 1) dynamical Lie algebra that governs all quadratic Hamiltonians (either time-dependent or not). This fact was already extensively used in refs. [6] and [8] , but just to obtain the wave functions of the correspondent time-dependent Schrödinger equation. The novelty here lies on the fact that one can also use the same Lie algebra to construct quantum canonical transformations as exponentials containing just time-dependent functions and generators of this Lie algebra. The mathematical details will be the subject of a longer paper which is now in progress.
We shall use particular cases of the generalized harmonic oscillator to illustrate how this new method works. Let us first take in eq. (6) the following particular choice of initial conditions: {β 1 (0) = 1, β 2 (0) = 0, β 3 (0) = 1}. For any time t>0 these functions take the values {β 1 (t)=1,β 2 (t)=0,β 3 (t)=β 3 (t)}. The Hamiltonian H(x, 0) takes the form
One can construct the operator W 1 (x, t) systematically using the group-theoretical ideas just mentioned. The process is not difficult but tedious and we finally end up with the expression
Using W 1 (x, t), one can obtain I(x, t) in a much simpler form as
which obviously coincides with the expression (7) as promised. The spectral problem for I(x, t) can easily be solved in the form
where ǫ n =h(n+ 1 2 ) and the eigenfuncions Φ n (x, t) are explicitly given by the expression
where
and H n (ξ) are the Hermite polynomials of variable ξ.T h eLewis phases can now be readily calculated with the help of eq. (5). After some calculation we find for α n (t)theexact expression
The last step is to find the set of orthonormal eigenfunctions solving the spectral problem for the time-dependent Schrödinger equation with the Hamiltonian H(x, t) given by (6) with {β 1 (t)=1,β 2 (t)=0,β 3 (t)=β 3 (t)}. As we know from the discussion of the previous section and eq. (4), these eigenfunctions are constructed as
where the function σ(t) verifies Pinney's equations (9)- (11) with Ω 2 (t)=ω Case II) The infinite square well with one moving boundary. -Let us now take in eq. (6) the following particular choice of initial conditions: {β 1 (0) = 1; β 2 (0) = β 3 (0) = 0},w h i c h obviously describe the free particle. The Hamiltonian H(x, 0) now takes the form
Next we define W 2 (x, t)a sW 1 ( x, t) but this time identifying
Notice that for the initial conditions for σ(t) given by (11) we obtain a physical set of initial conditions for L(t), namely L(0) = L 0 andL(0) = 0. The quantity L(t) can be seen as the length of a one-dimesional box of a variable size and initial value L 0 . The operator W 2 (x, t) now reads
Next we set W 2 (x, t)H 2 (x)W + 2 (x, t)=I 2 ( x, t) and in so doing we get the following invariant for this case:
with eigenfunctions and eigenvalues given, respectively, by
and
Note however that we still do not know whether this invariant is associated to a given time-dependent Hamiltonian H * (x, t). Nevertheless, our formalism yields this Hamiltonian unambiguously under the obvious assumtion that the operator I 2 (x, t) is its associated invariant. Formally this is equivalent to say that both operators are linked through the following equation:
where I 2 (x, t) is now given by (23)
A simple calculation shows that H * (x, t) takes the following form:
The Lewis phase α * n can be easily calculated with expression (5) and Φ n (x, t)a n dH * ( x, t) given respectively by (24) and (28). The result is
and the wave functions for the Hamiltonian (28) take the final form
We note at this point the close analogy between (30) and the wave funtions of a particle in a square well up to the local phase factor that can be eliminated through a gauge transformation, as we shall see in the next section. However, (30) is a solution of (28) but not of (20). The conclusion is that the boundary generates an "effective interaction" due to the time-dependent boundary conditions. This interaction can only be seen when the canonical formalism is systematically applied. Therefore even if one begins with the free-particle Hamiltonian the system presents an interaction potential just due to the time-dependent character of the boundary conditions. The implications of this conclusion for a wide variety of physical situations need not be emphasized.
Canonical and gauge transformations in the Hamiltonian. -In this last section we briefly show that the formalism so far described is compatible with gauge invariance. This is important in view of the close relationship that the formalism has with time-dependent interactions. Just to show one trivial example let us consider the new wave functionΨ n (x, t) which can be related to Ψ n (x, t) of (30) in the form
TheseΨ n (x, t) are obviously eigenfunctions of the following time-dependent HamiltonianĤ * (t) such that the following equation holds: ih∂ tΨn (x, t)=Ĥ * (t)Ψ n (x, t) .
electron confinement in plasmas as well as hadrons in nuclei, Fermi oscillators ( [11] and [12] ) and its applications to the study of various aspects of chaos in quantum physics, are indeed areas which could benefit from the results hereby discussed.
***
